In this paper, a new approach for the forward kinematics of nearly general Stewart platform (i.e., both the fixed base and moving platform are restricted to planar platforms) with an extra sensor is presented. Fifteen compatible algebra equations which express the coupling relationships between the position and orientation variables of the moving platform are obtained. Because the magnitude of the position vector is measured by the extra sensor, the fifteen compatible algebra equations can be transformed into a set of linear algebraic equations with two unknown variables with the help of elimination by substitution, from which a unique solution can be obtained. In the end, a numerical example is presented to verify the correctness of the proposed approach. The proposed approach is simple and does not need any iteration, is expected to be used in real time applications.
Introduction
In the past decades, parallel mechanism has aroused extensive attentions of many scholars at home and abroad, become a research focus in the field of mechanism. Parallel mechanism has many advantages over its serial counterparts, such as, higher rigidity, faster dynamic response, larger load carrying capacity and the higher positioning accuracy (Bonev et al., 2001) . The nearly general Stewart platforms can be found in a large number of applications, such as, flight simulators, parallel robots, machine tools, mining machines positioning devices, etc. (Merlet, 2006) . But many basic problems have not been solved completely, especially the forward kinematics.
The forward kinematics problem is one of the most challenging problems in the field of the parallel mechanism. For the forward kinematics problem, the lengths of the links are given; the position and orientation variables of the moving platform relative to the fixed base are to be found (Wang, 2007) .
The forward kinematics problem has been studied by scholars for a long time, and numerous literatures have been published. Raghavan(1993) studied the problem of Stewart platforms of general geometry by method of polynomial continuation and found that it has 40 distinct solutions. Wampler(1994) provided an analytical proof of that there are at most 40 nonsingular solutions for the problem of the general Stewart platforms. Husty(1996) proposed an algorithm which can express the problem of the general Stewart platforms as an univariate polynomial of 40 th degree. Ji and Wu (2001) studied the forward kinematics of a special 6-6 Gough-Stewart platform, in which both the fixed base and the Dhingra et al. (2000) derived a 20 th degree univariate polynomial directly by calculating the determinant of a 15×15 coefficient matrix for the Gough-Stewart platform by a Gröbner-sylvester hybrid method. Wang (2007) proposed an incremental method result in a unique forward kinematics solution which is achieved through a series of small changes in joint variables. Huang and Liao (2010) derived a 14 th degree univariate polynomial by calculating the determinant of 1 Shili CHENG*, Yanli LIU** and Hongtao WU**
General formulation and basic definitions
The general structure of the nearly general Stewart platform is shown in Figure 1 . Two coordinate systems O-xyz and O-xyz are fixed to the base and the moving platform respectively. In order to reduce the difficulty of the forward kinematics analysis, the distance between the origins of coordinate systems O-xyz and O-xyz, which is the mode of Fig. 1 The structure of the nearly general Stewart platform. The moving platform is composed of 6 points ai(i=1~6) on the same plane, while the fixed base is composed of 6 points bi(i=1~6) on the other plane. The moving platform is driven by six extendable links aibi(i=1~6), and every one of them is connected to the moving platform by a spherical joint and connected to the base by a universal joint. Static coordinate system O-xyz and moving coordinate system O-xyz are fixed to the base and the moving platform respectively. The dashed line between O and O denotes the extra sensor.
Furthermore, the centers of each universal joints, through which the six extendable links are attached to the fixed base, expressed as follows:
Generally, the rotation matrix R can be expressed as follows:
The position vector of the origin of coordinate system O-xyz respect to origin of coordinate system O-xyz can be denoted as
As mentioned above, the distance 0 l between the point O and O' can be directly measured by the extra sensor. The relationship between P and 0 l is:
where,
is the square of the length of the position vector P; W X , W Y , is the first and the second components of vector W, which is the position vector P expressed in the moving coordinates system; a denotes the magnitude of the position vector 
Coupling relationships of the position and orientation variables
There are six linear algebraic equations in Eqs. (6). These linear algebraic equations can be rewritten as a concise
When the position vector   T X Y Z P P P  P and the rotation matrix R between the two coordinate systems O-xyz and O-xyz are given, the vector along the axis of k th link can be easily represented as follows: is the position vector which denotes the position of the center of universal joint, which is attached to the fixed base, expressed in the static coordinate system.
Multiplying both sides of Eq. (5) by itself and the length of the k th link can be expressed as follows:
are restricted to another plane; and the postion of those centers with respect to static coordinate system O-xyz can be According to Eqs. (8), η 1 can be expressed as the functions of η 2 , that is:
Where, 0 B and 1 B are coefficient matrices. Equations (9) can be transformed into the following algebraic equations: 
Where, the coefficients 0 ( 1~6) 
3.1Compatible algebra equations
Because of the normalization and orthogonality of the rotation matrix, there are the six identities as shown in the following: 
form of the position vector P which is expressed in the moving coordinate system. The transform relationship between P and W may be expressed as:
Furthermore, there are the following two relationships:
As l 0 denotes the length of the position vector P , which can be obtained by position sensor; that is 2 2 2 2 0 X Y Z l P P P    , the following expression holds:
Equation (11) ~ Eq. (13) can be rewritten as:
1 2 6 7 8 9
Equation (18) and Eq.(19) can be rewritten as: 
:
Equations (26) are the six identities presented by Zhang and Song (1994) .
3.2Expended compatible algebra equations
In our previous study, our research group found that there are nine other compatible equations, namely eq 7~e q 15 . It should be pointed out that, the former five equations eq 7~e q 11 are obtained independently, and the last four equations eq 12~e q 15 are obtained on the basis of referring to Huang (2010) . Because the rotation matrix R is an orthogonal matrix, the relationship between vector P and vector W can also be expressed as: 
P R W
From Eq. (27), the following relationships can be obtained:
Because the vector P and the vector W are the same vector which expressed in different coordinate system. The lengths should be identical. This leads to: Cheng, Liu and Wu, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) According to Eq. (14) ~ Eq. (16), they can also be rewritten as:
According to Eq. (28) ~ Eq. (30), they can also be rewritten as: 
Actually, owing to the orthogonality and the normalization of the rotation matrix, eq 6 and sq 12 are the same equation. So far, there are eleven independent equations totally. If there are more independent equations, it will be more propitious to research the problem of forward kinematics.
Referring to the method in (Huang, 2010) , another four independent compatible equations can be obtained by the means of Gröbner basis, as follows: 2 2 2 12 0 6 6 6 7 8 7 8 6 9 7 9 8 9 2 2 2 2 0 7 8 9 9 0 6 9 2 2 2 2 2 2 13 6 0 7 7 7 6 8 7 8 8 0 7 8 9 6 9 :2 0 :2
0 6 8 9 2 2 2 2 2 2 14 6 6 7 7 0 8 8 8 7 8 0 7 8 9 6 9 2 7 9 0 6 7 9 2 2 2 15 6 7 6 7 8 6 8 7 8 0 6 7 8 0 9 
Therefore, a total of 15 compatible equations can be used to study the problem of forward kinematics. As can be seen later in this paper, the additional information of eq 7~e q 15 play an important role in the forward kinematics analysis of the parallel mechanism.
Close-form solution 4.1 Process of elimination
In this subsection, a set of linear algebraic equations will be formulated based on eq 1~ eq 15 . The problem of forward kinematics solution can be reduced to solving these linear algebraic equations. Owing to the complexity of derivation, the rest of this paper is accomplished with the assistance of the computational symbolic software Mathematica. Because the variables 7  and 8  can be expressed by the variables 6  and 9  , these fifteen 4 th order polynomials can be expressed in the following form.
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Now, Similar to (Cheng S. L., Wu H. T., Yao Y., et al, 2010) another six identities, which also contains only two unknowns 6  and 9  , can be formulated according to Eq.(31) ~ Eq. (36), as:
also constants. Therefore, the fifteen algebraic equations are linear, as for the terms which contain 6  and 9  are regarded as new variables. In theory, these linear equations can be solved directly, but its computational efficiency is very low. Some measures must be taken to improve the computational efficiency.
As mentioned above, , ( 1~5) ij fj  are constants, the five 4 th order terms of 6  and 9  in the first five equations of Eqs.(39) can be expressed as functions of the lower terms. And then, by substituting those functions into the rest ten equations in Eqs. (39) can be expressed as follows:
Solving for other variables
The unknown variables 7
 and 8  can be derived from Eqs. (10), Once the variables 6  , 7
Where, l 0 is the length of the vector P , and has been already obtained by the position sensor. While α 1 , α 2 can be solved by Eq. (24) 
2, 6 9 3, 6 9 4, 9 5, 6 6, 6 9 7, 9 8, 6 9, 9 10,
Where, the coefficients h j,i 's (j=1~10; i=1~5) are all constants. Substituting Eqs. (40) into the rest ten equations ( j= 6~15
Where, the coefficients g j,k 's (j=1~10; k=1~10) are all constants. Repeating the above step two times, a set of linear equations can be obtained, which is composed of three equations with two unknown variables 6  and 9  as follows:
Where, the coefficients n i,j 's (i= 1~ 3; j=0~2) are all constants. The unknown variables 6  and 9  can be derived from any two equations of Eqs.(42). The most difficult part of the forward kinematics analysis has been accomplished. Cheng, Liu and Wu, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) 6  , 7  , 8  , 9  . And then, by applying position sensor, the forward kinematics of the nearly general Stewart platform has two possible solutions. However, due to the restriction of parallel structure, one of the solutions cannot be achieved in engineering practice, that is say the sign of Z P can be determined according to the actual situation. Therefore, the proposed approach yields a unique solution.
Numerical example
In this section, a specific example is introduced to verify the correctness of the approach proposed in this paper. and P (0) , the method is correct and effective. By applying the approach proposed in this paper, the specific expressions of two equations in the Eqs. (42)  can be obtained to be 0.78 and 0.36. The rest variables can be solved easily by applying the formulas mentioned in the subsection 4.2. And two possible solutions (R (1) ,P (1) ) Fig. 2 The assembly mode corresponding to (R (1) ,P (1) ). The position and orientation of the moving platform is determined by lengths of the six extendable links aibi(i=1~6). The red line between O and O denotes the extra sensor, which is only used to measure the distance between O and O. and (R (2) ,P (2) ) can be obtained as follows:
( 
15 18 100 T  P Because the moving platform can only work on one side of the fixed base, and the initial value of P Z is set to be positive, only (R (1) ,P (1) ) is reasonable. While (R (2) ,P (2) ) is impossible to be achieved, due to the restriction of the parallel structure. The assembly mode corresponding to (R (1) ,P (1) ) is shown in Fig. 2 .
Conclusions
(1) This paper proposed a new approach for analyzing the forward kinematics of the nearly general Stewart platform. By installing only an extra position sensor between the origins of the moving and static coordinate system, the length of the position vector is measured, and the difficulty of the forward kinematics analysis is reduced.
(2) By means of this approach, the forward kinematic of this kind of parallel mechanism, which is studied in this paper, can be expressed as a set of linear equations with two orientation unknowns. The final linear equations can be solved quickly and analytically. Considering that the moving platform is always working on the same side of the fixed base, this approach can obtain the unique solution.
(3) In practical applications, some components, such as motor and other tools, are usually attached on the moving platform. In this case, in order to preventing the position sensor from interfering with other components, the origin points of the static and moving coordinate systems can adjusted according to the needs of design and theoretical analysis, etc. And, just a position sensor is needed, so the hardware cost is acceptable.
(4) Because the length of the position vector need to be measured in advance, the approach proposed in this paper is difficult to be used for study the full reachable workspace. The position sensor is required to have enough accuracy. The sensitiveness of the error of the position sensor needs to be studied after the physical prototype is finished. The results of singularity analysis are needed to ensure that the mechanism is far away from the singular configurations to avoid the mechanism out of control.
